In this paper, we look for the vacuum static spherically symmetric solution in the mimetic gravity scenario. The simplest solution possesses two naked singularities in which one of these singularities is due to caustics formation. However, we construct the mimetic black hole solution by gluing the exterior static spherically symmetric solution to a timedependent anisotropic spacetime describing the interior of the black hole. It is shown that these two solutions match continuously on the surface of the event horizon. Some physical properties of the corresponding mimetic black hole solution are discussed.
Introduction
Mimetic gravity is a scalar-tensor gravity in which the conformal mode of gravity is isolated by means of a scalar field [1] . Alternatively, the setup can be viewed as a special case of a general conformal/disformal transformation in which the transformation between the old and new metrics is degenerate. With a non-invertible conformal/disformal transformation the number of degrees of freedom can increase such that the longitudinal mode of gravity will become dynamical [2, 3, 4, 5] . The conformal transformation relating the physical metric g µν to the auxiliary metric g µν and the mimetic field φ is given by [ 
The above relation implies that the physical metric satisfies the following constraint
Therefore, the vector ∂ µ φ is spacelike for the + sign while it is timelike for the − sign.
The most important point about the mimetic transformation (1) is that it is a singular transformation so that we cannot express the auxiliary metricg µν in terms of the physical metric g µν [2] . The resultant new degree of freedom associated with the transformation (1) represents the longitudinal mode of gravity which is dynamical even in the absence of any matter field. If we start with the vacuum Einstein-Hilbert action in terms of the physical metric g µν and then performing the mimetic transformation (1), we end up with a scalar-tensor theory in terms of the auxiliary metricg µν and dynamical scalar field φ [1] . Equivalently, one can work with the physical metric g µν and dynamical scalar field φ by taking the constraint Eq. (2) into account by means of a Lagrange multiplier as follows 2 [6] 
where R is the Ricci scalar constructed from the physical metric g µν while the auxiliary field λ enforces the mimetic constraint Eq. (2) . We have allowed for the vector field ∂ µ φ to be either spacelike or timelike which is described by the actions S + and S − respectively. The cosmological implications of the mimetic setup with the action S − and the timelike vector ∂ µ φ are widely studied in recent years [7, 8, 9, 10, 11, 12, 13, 14, 31] . Interestingly, an energy density component naturally arises in this scenario which behaves like dark matter so that λ and φ play the roles of energy density and velocity potential [1] . Due to the attractive nature of the resultant dark matter, the model finally ends up with caustic singularities [15, 16, 17] . This problem however would not arise in the context of mimetic gauge field scenario where the scalar field is replaced with a gauge field [18, 19, 20, 21] . Moreover, the sound speed for the scalar perturbations in mimetic dark matter scenario vanishes and in order to generate a propagating mode, it is suggested to add some higher derivative terms of the mimetic scalar field to the action [22, 23] . The resultant setup then suffers from the ghost and/or gradient instabilities [24, 25, 26] and one needs to add a non-minimal coupling between the higher derivatives of the mimetic scalar field and the curvature terms to make the setup stable [27, 28, 29, 30] . 1 We work with the metric signature (−, +, +, +). 2 We work in units M P = 1/ √ 8πG = 1.
In this paper, we construct the black hole solution in the original mimetic scenario defined by the action Eq. (3). Some attempts have been made in this direction in the Refs. [32, 33, 34, 35, 36, 37] . But the difficult part is that in order to have a static black hole solution we need to have an event horizon. As we will show, obtaining an event horizon for a static black hole solution in the mimetic gravity scenario is not an easy task. More precisely, unlike in cosmological setups where one uses only the timelike vector ∂ µ φ, here we need both timelike and spacelike vectors ∂ µ φ. The reason is that a black hole would have an event horizon by definition and the vector ∂ µ φ changes from a spacelike vector to a timelike vector after one crosses the horizon. As a result, we need both actions S ± in Eq. (3) in order to find a black hole solution in mimetic scenario.
Static Solution with Naked Singularities
In this section, our aim is to find a static spherically symmetric solution in the mimetic gravity scenario. We show that the static spherically symmetric solution is not a black hole solution but a spacetime with naked singularities. We present a black hole solution with a proper horizon in next Section.
The general scalar field and the the Einstein field equations are
and
where the mimetic constraint Eq. (2) has been imposed to simplify the last equation. The metric in local coordinates (t, r, θ, ϕ) has the form
where A(r) > 0 and B(r) > 0 are two unknown functions which should be determined after solving the corresponding dynamical equations and dΩ 2 = dθ 2 + sin 2 θ dϕ 2 is the metric of a sphere with unit radius. For the scalar field and the auxiliary field we also consider the following static ansatz
Substituting from Eqs. (6) and (7) in mimetic constraint (2), we find
where a prime denotes the derivative with respect to r. Since B > 0, from Eq. (8) we conclude that we have to work with the action S + in which ∂ µ φ is a spacelike vector. This shows that the static ansatz is consistent with S + but not with S − . This is in agreement with the no-go result that is obtained in the context of Horava-Lifshitz gravity in [38] . Indeed, mimetic model with timelike vector field ∂ µ φ defined by S − also emerges from the infrared (IR) limit of Horava-Lifshitz gravity and Einstein-aether scenario [39, 40] . Restricting ourselves to S + , from Eq. (8) we obtain
Without loss of generality we take the positive branch of solution in our forthcoming analysis. The tt component of the Einstein equations (5) yields
where we have substituted from Eq. (9). Solving the above equation yields
where c 0 is an integration constant. Before continuing with the other components of the Einstein equations, it is helpful to look at the mimetic field equation (4) which in coordinates defined in Eq. (6) yields
where we have used the fact that √ −g = A/Br 2 sin θ and also substituted from Eq. (9). The above equation can be solved to give
where c 1 is another integration constant. Note that A is always positive and, therefore, we would have B > 0. This confirms that the static solution can only be achieved in S + model. Substituting Eqs. (9), (11) and (13) in the rr component of the Einstein equation, we find the following differential equation for the Lagrange multiplier λ,
The above equation can be easily integrated yielding the following solution
where c 2 is a constant of integration. From the above solution, we see that λ diverges at two points r = 0 and r = r f which solves the equation 1 = 1 + c 0 /r f ln r f /c 2 1+ 1 + c 0 /r f . Solving this equation for c 2 and then substituting the result back in Eq. (15), we find λ = 1 2r 2 1 − 1 + c 0 /r
The behaviour of λ as a function of r is plotted in Fig. 1 which shows that there is a branch cut at r = r f so that λ changes sign with lim λ r→r − f = +∞ and lim λ r→r + f = −∞. Since λ also characterizes the curvature invariants like Ricci scalar, we see that there is a singularity at r = r f after which the curvature changes sign. We show that r = r f is a caustic singularity while r = 0 is the usual curvature singularity.
To understand whether these divergences are genuine or the coordinate artifacts, we look at the curvature invariants. In the case of Schwarzschild black hole, the Ricci scalar and Ricci tensor both vanish so in order to investigate the singularity properties, one usually looks at the Kretschmann scalar R µναβ R µναβ . In our setup, however, the Ricci scalar and Ricci tensor are both non-zero so it is reasonable to first look at the scalar quantities constructed from them. Taking the trace of the Einstein equation (5) and using the mimetic constraint Eq. (2) for the spacelike case, we find R = 2λ .
Substituting the above relation back into the Einstein equation (5), we find
In addition to the Ricci scalar which is given by (17) , we can construct another scalar quantity from the Ricci tensor with the same dimension as follows
The next nonzero scalar curvature which can be constructed is R µν R µν , which after using the mimetic constraint Eq. (2) in Eq. (18) yields
We can also write the Kretschmann scalar in terms of λ as
while the Weyl squared scalar is given by
From the above relations we see that λ characterizes all curvature invariants and therefore the divergences at r = 0 and r = r f ( see Fig. 1 ) are real singularities in this scenario. Since there is no event horizon in this solution, r = 0 and r → r f are naked singularities. This is the the natural static spherically symmetric solution of the mimetic scenario.
If we only look at the curvature invariants, we cannot distinct between the two singularities r = 0 and r = r f . It is then useful to look at g tt = −(4r 4 λ 2 ) −1 . From Eq. (16), it is clear that g tt vanishes at r f but not at r = 0. In Section 4 we will show that indeed the types of singularities at r = 0 and r = r f are totally different so that the first is the usual curvature singularity which also arises in the standard general relativity (much similar to what arises in the center of standard black hole solutions like Schwarzschild solution) while the latter is a caustic-type singularity which is the characteristic of the mimetic gravity scenario.
From Eq. (17) and Fig 1, we see that the two regions r ∈ [0, r f ] and r ∈ [r f , ∞] describe regions with positive and negative curvatures respectively. We therefore take the positive region as our solution and choose r f to be sufficiently large as r f → ∞ to exclude the region with negative curvature.
It is straightforward to show that all other Einstein's equations are satisfied and our solution is complete now. Substituting from Eqs. (11) and (13), the metric Eq. (6) takes the following form
where λ is given by Eq. (16) . Now, substituting Eq. (16) in Eq. (13), we find an explicit solution for g tt . We see that the effects of the constant c 1 can be absorbed through rescaling the time via t → t/c 1 in metric (6) so on can set c 1 = 1 without loss of generality. From Eqs. (8) and (13), we also see that g rr and g tt cannot change sign and, therefore, our solution (23) does not have any horizon. Consequently, our solution (23) does not describe a black hole. To get some intuition, it is useful to compare our solution with its standard counterpart, i.e., the Schwarzschild solution. In Schwarzschild solution, g tt = −g rr = −(1 + c 0 r ) so that g tt is related to the Newtonian potential Φ in the weak field limit as g tt = −(1 + 2Φ). We then conclude that c 0 should be negative which immediately implies the existence of a horizon since g tt = −g rr . In our solution (23) with g tt = −g rr , however, this is not the case. The reason is simple: contrary to GR the longitudinal mode of gravity encoded in the mimetic scalar field is dynamical here and has a non-zero profile in the whole spacetime. In other words, the energy of the mimetic scalar field is not localized and we cannot treat solution (23) as a gravitational field of an isolated source. Therefore, c 0 can be either positive or negative. We focus on the case of c 0 > 0 here and in the next section we will come back to the case of c 0 < 0 to construct a black hole solution.
In the case of c 0 > 0 from Eq. (11) we find that the condition B > 0 required by the mimetic constraint (8) is satisfied for r ∈ [0, r f ). Therefore, the metric (23) is applicable for the whole range of r ∈ [0, r f ) in this case. Substituting Eq. (11) in Eq. (9) and then integrating, we find the following solution for the mimetic scalar field
where c 3 is an integration constant. However, since our setup is shift-symmetric we can set c 3 = 1 without loss of generality. Finally, it is useful to look at the special case of c 0 = 0 that corresponds to the Minkowski spacetime in the case of GR with the Schwarzschild solution. From (17) and (21), we see that the curvature invariants do not vanish even if we set c 0 = 0. Then, it is reasonable to consider the effects of c 0 coming from a local matter energy density while λ labels the effects coming from the energy density induced by mimetic field. In other words, we have a dynamical degrees of freedom even in the absence of any local matter energy density. Therefore, we do not have a Minkowski spacetime even far from a local matter profile. To see this fact explicitly, we set c 0 = 0 in our previous results in which the metric (23) takes the following simple form
The above result shows that the metric is not asymptotically flat in the allowed region of r ∈ [0, r f ). The above metric is not singular around r = 0 which shows that this singularity comes from the existence of a matter profile and disappears when we set c 0 = 0. The singularity at r = r f is, however, present even in the absence of any local matter field. This shows that the singularity at r = r f is the characteristic of the mimetic theory itself. We will show that the mimetic scenario approaches a caustic singularity at r = r f and we cannot trust the model near this point.
Black Hole Solution
In the previous Section we have shown that the static solution for the mimetic setup with the action S + and ∂ µ φ being a spacelike four vector is not a black hole solution. It suffers from naked singularities if we suppose c 0 > 0 in Eq. (11) for g rr = B −1 . The situation is different if we consider c 0 < 0 in which the requirement B > 0 from the mimetic constraint Eq. (8) implies that r > |c 0 |. In the following subsections we study this case in details.
Exterior Static Spherically Symmetric Spacetime
To distinguish this solution with the metric (23), we work with the coordinates (t + , r + , θ, ϕ) in which the metric takes the form
We did not change the angular coordinates (θ, ϕ) since the changes are only for the temporal and radial coordinates. Moreover, we denote all functions with lower index + in this subsection.
For c 0 < 0, the solution (11) can be written as
where we have defined c 0 = −2m + with m + > 0 to be a positive constant. The spacetime then has an event horizon defined by g r + r + (r +H ) = 0 with
We note that the above solution is only applicable for r + > 2m + since B + > 0 for the spacelike vector ∂ µ φ + . All the solutions in the previous section are now applicable but restricted to the range r + > 2m + . The metric takes the same form as Eq. (23) and
where λ + is given by (16) but replacing c 0 with −2m + ,
The radial coordinate is restricted to the interval r + ∈ [2m + , r f ) where we also have fixed the constant c 1 in (13) such that g t + ,t + (r +H ) = −4c 2 1 = −1. This normalization does not affect the physical properties of the model since it only corresponds to rescaling the time via t + → t + /c 1 .
The metric (29) can be thought as the exterior solution of a black hole with horizon r +H defined in Eq. (28) . To have a complete black hole solution, however, we need to find the interior solution as well. In the case of the Schwarzschild black hole in GR, the interior solution can be obtained by exchanging t and r coordinates in the exterior solution. More precisely, the interior solution can be obtained by solving Einstein's equation for a homogeneous but anisotropic background geometry. Here, we have to do the same. From the exterior metric (29) , we see that by switching t + → r − and r + → t − , we obtain a homogeneous but anisotropic metric for the interior solution. Considering a time-dependent anisotropic metric together with a timedependent scalar φ(t) and auxiliary field λ(t), it is easy to show that the spacelike action S + is not consistent with the mimetic constraint (2) and we have to use the timelike action S − . In the next subsection, we show that the action S − admits a time-dependent solution that matches the exterior solutions (29) and (30) on the null hypersurface of the event horizon.
Interior Solution
In this section, we focus on the timelike mimetic action S − to find the interior solution in extension to the exterior solution obtained in the previous subsection. Working in local coordinates (t − , r − , θ, ϕ), we consider the following homogeneous but anisotropic background
where B − and A − are two unknown functions of t − . We also consider the following timedependent ansatz for the mimetic sector
which are consistent with the geometry (31) . The mimetic constraint (2) for the timelike vector ∂ µ φ then results inφ
where a dot denotes the derivative with respect to t − . Note that had we worked with the spacelike model S + , we would have found a minus sign in the right hand side of the above relation which was inconsistent with the assumption B − > 0 in (31) . This is the main reason why we should employ the timelike action S − instead of the spacelike action S + when looking for the interior solution of the black hole. Solving Eq. (33), we findφ
where, without loss of generality, we took the positive branch in the above solution. The r − r − component of the Einstein equations (5) gives
where the substitution from Eq. (34) has been made. Solving the above equation gives
where m − is an integration constant. Here, m − can be either positive or negative. We, however, are interested in an interior black hole solution so we take m − > 0 which admits a horizon
The mimetic scalar field equation (4) gives
where again a substitution from Eq. (34) has been made. The above equation yields
wherec 1 is an integration constant. Substituting from Eqs. (34) , (36) and (39) in the t − t − component of the Einstein equations (5) gives
The above first order differential equation can be integrated to give the following solution
wherec 2 is another constant of integration. The above solution shows that λ − diverges at two
Solving this equation forc 2 and substituting the result back into the above solution, we find
Much similar to the discussion after Eq. (16), we can easily show that all curvature invariants diverge at the times t − = 0 and t − = t i and the region t − ∈ [0, t i ) corresponds to the negative curvature. We will discuss these singularities in details in Section 4. Substituting Eq. (42) into Eq. (39), we see that the effects of constantc 1 can be removed in the metric (31) through re-scaling the radius via r − → r − /c 1 . However, note that A − (t −H ) = 4c 2 1 so we setc 1 = 1/2 and A − (t −H ) = 1. This is just a normalization and does not affect the physical properties of our solution.
Our solutions is complete for all dynamical fields and the metric (31) takes the following form
where the explicit form of λ − is given by Eq. (42). Note that the above metric is only applicable
The homogeneous and isotropic solution of mimetic scenario in FLRW cosmological background is known as mimetic dark matter [1] . In order to compare the above homogeneous but anisotropic solution with its FLRW isotropic counterpart, in Appendix A we have presented our anisotropic solution in another chart which is more relevant for the cosmological purposes. The results resemble the isotropic cosmological solution in certain limits.
Junction Conditions: Gluing Exterior and Interior Solutions
We have found two different mimetic solutions in subsections 3.1 and 3.2. Our aim in this subsection is to check whether we can match the static spherically symmetric solution (29) with the homogeneous anisotropic time-dependent solution (43) as the exterior and interior of the mimetic black hole, respectively. In order to do this, we work with more general forms of metrics (26) and (31) which in particular cases reduce to our mimetic solutions (29) and (43). They are also applicable for the case of exterior and interior Schwarzschild solutions. The reason is that our solutions (29) and (43) are different from the Schwarzschild solution through A ± while the null hypersurfaces for metrics (26) and (31) are determined by B ± .
We have two different Lorentzian manifolds (M ± , g ± ) and in local coordinates x µ = (t ± , r ± , θ, ϕ), the corresponding line elements are given by metrics (26) and (31) . The surfaces Σ ± ⊂ M defined by r + = 2m + for (26) and t − = 2m − for (31) are determined by B ± = 0. The normal vectors K ±µ to null hypersurfaces Σ ± are given by
From the above relations we can easily deduce that Σ ± are null hypersurfaces since
where B ± are evaluated at the horizons r + = 2m + and t − = 2m − for Σ ± respectively. Our aim is to glue the manifolds (M + , g + ) and (M − , g − ) on null hypersurfaces Σ ± where the junction conditions have to be imposed. The null hypersurfaces Σ ± are determined by the parametric equations x µ ± (y a ) where we implement the coordinates y a = (s, θ A ) which are applicable on both Σ ± . Here s is an arbitrary parameter which is not necessarily an affine parameter. The induced metrics h ± on Σ ± are the pullbacks of the embedding maps Σ ± → M ± as
where e µ ±a ≡ ∂x µ ± /∂y a for null hypersurfaces with parametrization dx µ ± = sK µ ± are,
which satisfy the condition (45) and also K ±µ e µ ±A = 0. Using the above relations in Eq. (46), we find that h ss = 0 = h sA . We therefore deal with a two-dimensional induced metric
The first junction condition for the null hypersurfaces is
Let us check that whether the above junction condition can be satisfied for our solutions (26) and (31) . In our local coordinates, the tangent vectors are given by
Substituting from the above relation and also Eqs. (26) and (31) into the first junction condition (49), it is straightforward to show that the junction condition is satisfied through the identification r + ↔ t − which was expected from the beginning. In order to check the second junction condition, we need to find the transverse curvature
where the null vectors N µ ± are defined as
Substituting from Eqs. (26) , (31) , and (44) in above relations, we find the following solutions
Correspondingly, substituting from Eqs. (47) in (51), we find the following nonzero components for the transverse curvature
The second junction condition is given by
It is straightforward to show that applying r + ↔ t − , the above junction condition satisfies by the exterior and interior metrics (26) and (31) at horizons r + = 2m + and t − = 2m − if we assume
In summary, we have shown that the exterior solution (26) and the interior solution (31) are matched smoothly on the null hypersurfaces r + = 2m + and t − = 2m − where the junction conditions (49) and (55) are satisfied. We, therefore, have a black hole solution (M, g, Σ) where M = M + ∪ M − , g = g + ∪ g − , and Σ = Σ ± is the associated horizon.
Caustic Singularities in the Mimetic Black Hole
In the previous section, we have constructed the mimetic black hole solution by gluing two different solutions. In this section, we investigate the physical properties of this mimetic black hole.
Let us first summarize the results from the previous section. The exterior metric has the following static spherically symmetric form
where λ + is given by Eq. (30) replacing now r + with r and m + with m. The interior solution is also given by
where λ − is given by Eq. (41) replacing t − with t and m − with m. After satisfying the junction conditions, we expect that all curvature invariants to be continuous across the surface of horizon. However, it is instructive to check this explicitly. This is easy to verify in our setup since all curvature invariants (17) , (20) , (21) and (22) by the auxiliary field λ so we only need to check the continuity of λ on the surface of horizon. For the exterior solution (29) all curvature invariants are the same as those obtained in Eqs. (17)-(22) via replacing λ = λ + where λ + is given by (30) . In the case of the interior solution (43), it is straightforward to check that all curvature invariants are obtained by replacing λ → −λ − where λ − is given by Eq. (42). Note that we have identified m + = m − = m. It is easy then to verify that
which shows the continuity of the auxiliary field and hence all curvature invariants are continuous across the surface of the horizon. The above relation holds irrespective of the values of t i and r f . In Fig. 2 we have plotted the combined auxiliary field λ = −λ − ∪ λ + which confirms that −λ − matches to λ + at the surface of the event horizon. Now, we study the type of singularities at t = t i and r = r f that occur in our mimetic black hole solution (see Fig 2) . Let us first study the singularity at t = t i for the interior solution (58). We first note that the timelike vector n µ = ∂ µ φ is orthogonal to the constant-time hypersurfaces and it is also normalized through the mimetic constraint Eq. (2) as n µ n µ = −1. This vector then satisfies the geodesics equation n µ ∇ µ n ν = 0 .
Since a congruence of geodesics generally forms caustics, the above result shows that timelike hypersurfaces in mimetic setup with the action S − develop caustics. Our second aim is to show when and where these caustic singularities occur. In other words, from the above general result we cannot conclude that which of t = 0 or t = t i is the time when caustics form. We therefore look at the metric (58) noting that at the time t = t i , g rr vanishes while it does not vanish at t = 0. Therefore, caustics with spherical symmetry are formed at finite time t = t i everywhere in background (see section 3 of Ref. [15] for the similar caustic singularities that form in Minkowski spacetime with planar symmetry). Moreover, the second derivative (and higher derivative) of the field are characterized by the curvature invariants and the behaviour of all curvature invariants are given by λ. From Fig 2, we see that λ and therefore all curvature invariants diverge(s) at the caustic points. Note that curvature invariants (or equivalently λ) also diverge at the point of standard singularity t = 0 but g rr does not vanish there which shows that t = 0 is not a caustic singularity. This is consistent with the intuitive discussions at the end of Section 2.
A similar arguments can be applied to the exterior solution (57). The vector ∂ µ φ is orthogonal to constant-r (timelike) hypersurfaces and it is normalized through the mimetic constraint Eq.
(2) as n µ n µ = 1. Again we conclude that n µ satisfies the geodesic equation (60) and we would have caustic singularities. To see when and where they occur, we look at the exterior metric (57) where g tt vanish at r = r f . We therefore conclude that, in contrast with the interior case, there are caustic singularities within finite radius of r f for all time in the background. The caustic singularities are localized at a finite radius for the exterior solution while they occur everywhere for the interior solution.
The general proof based on the geodesic equation (60) shows that caustic singularities are inevitable in both mimetic solutions defined by the actions S ± in (3). Although we have studied the details of caustic singularities in the case of spherical symmetric and anisotropic time-dependent backgrounds, the above proof shows that the existence of these singularities is independent of the background. The Appearance of caustics is not pathological for an effective field theory while it is a serious problem for a fundamental theory. Much similar to the metric field, the scalar field φ is a fundamental field in mimetic scenario which can couple to Standard Model fields. The mimetic scenario then breaks down near the caustics singularities. This problem can be solved if we suppose that the mimetic theory is an effective field theory which only emerges at low energies in the IR regime. Then, the appearance of the caustics signals for the emergence of a new physics at ultraviolet (UV) regime. In this regards, there would be a UV completion theory for the mimetic scenario which governs high curvature regime and prevents the formation of caustics. In the case of S − , indeed, Horava-Lifshitz gravity can be thought as a UV completion theory [24] . Interestingly, caustics would not form at high curvature regimes in the Horava-Lifshitz gravity scenario (see Ref. [15] for the details). A similar UV completion theory, but with different foliations (in comparison with the spcaelike foliation in Horava-Lifshitz gravity) which respects the symmetries of S + can potentially prevent the formation of caustics in the exterior solution. In this paper, however, we treat mimetic gravity as an effective theory and restrict ourselves to the low curvature regime of [t i , 2m] ∪ [2m, r f ] with t i t i and r f r f so t f and r f are sufficiently far from the points of caustic singularities t i and r f . Moreover, as we have already mentioned, the intervals 0 < t < t i and r f < r < ∞ have negative curvatures and therefore they are physically different than the region [t i , 2m] ∪ [2m, r f ] which posses positive curvature.
To get some physical intuition, it is useful to model the effects of mimetic field by a fluid. Let us start with the interior solution which looks like an anisotropic cosmological model. The right hand side of the Einstein equations (5) can be viewed as an effective energy-momentum tensor which has the same covariant form for both S + and S − actions. Substituting from Eqs. (34) and (43), we find that for the interior solution T µ ν = diag(2λ, 0, 0, 0). This shows that the energy density is given by ρ = −2λ while the pressure vanishes. Vanishing pressure in region t i < t < 2m is the signature of attractive gravity which usually leads to caustic singularity within finite time as we have already mentioned. Since λ > 0 for 0 < t < t i , this region corresponds to negative energy density ρ < 0 which is not allowed physically. Similarly, the region r f < r < ∞ is the exterior counterpart of the interior region 0 < t < t i . However, we cannot model it by a known matter field. More precisely, substituting from Eqs. (9) and (29) , we find that for the exterior region T µ ν = diag(0, −2λ, 0, 0), which for the region r f < r < ∞, represents a fluid with a negative pressure and vanishing energy density. Although this is not pathological but we do not know any realistic matter field (fluid) which represents this kind of property.
One important issue for any black hole solution is its thermodynamic properties which are associated to the black hole's Killing horizon. We therefore look at the Killing vectors of the exterior and interior solutions. For the exterior solution (57), there are four Killing vectors among which three of them are associated with the spherical symmetry and one corresponds to the static nature of the metric with the Killing vector R µ = δ µ t which we are interested in. Similarly, for the interior solution (58), T µ = δ µ r is a Killing vector that corresponds to the fact that the solution is r-independent. From Eqs. (57) and (58), we then find that
(62)
The Killing horizon is defined as the location of the points where the magnitude of the Killing vectors vanish. From Eqs. (30) and (42) we see that the above Killing vectors vanish only asymptotically as
We see that at the surfaces of caustic singularities, r = r f and t = t i , Killing vectors become null since |λ ± | → ∞. Therefore, the surfaces of caustic singularities are Killing horizons with infinite redshifts. This should be compared with the case of Schwarzschild solution in GR where the surface of infinite redshift coincides with the surface of event horizon while in the case of mimetic black hole there exist two surfaces of infinite redshift which are different than the surface of event horizon. Since the notion of surface gravity is related to the Killing horizon and not to event horizon, we therefore cannot associate any Hawking radiation to the event horizon of this mimetic black hole. Moreover, although it seems that we can associate thermodynamic properties to the surfaces r = r f and t = t i with caustic singularities, but one should be careful that our solution are not trusted near these points. As we already mentioned, the mimetic scenario breaks down near these points and one needs a UV completion to understand physics around and beyond these points.
Summary and Conclusions
Mimetic scenario is a conformal extension of general relativity in which the longitudinal mode of gravity, encoded in the mimetic scalar field φ, becomes dynamical even in the absence of any matter field. This extra degree of freedom plays the roles of dark matter in a cosmological background.
In this paper, we have focused on the static spherically symmetric background to see whether the mimetic setup can admit a black hole solution. Contrary to the Schwarzschild solution in GR, this static solution is not a black hole but a spacetime with naked singularities. We have shown that one of these singularities is caustic type. The mimetic theory then breaks down near the caustic singularity. We have concluded that there is no natural black hole solution in the mimetic gravity scenario since we have to choose ∂ µ φ to be a spacelike or a timelike vector field from the beginning while we need this vector field to change from a spacelike signature to a timelike signature or vice versa across the event horizon.
To resolve this problem, we then considered two types of mimetic models with the actions S + and S − in which the vector ∂ µ φ is spacelike in S + while it is timelike in S − . We have shown that the first setup admits a static spherically symmetric solution with a horizon while the latter admits a time-dependent homogeneous anisotropic solution with a horizon. We have verified that these two different solutions (metrics (57) and (58) for the exterior and interior respectively) can be glued at their joint horizon leading to a mimetic black hole solution. Both of the exterior and interior solutions suffer from caustic singularities at high curvature regime. The mimetic scenario then would be considered as an effective theory which is applicable in the IR regime and breaks down near the caustic singularities. One then needs a UV-completion theory for the mimetic scenario near the caustic singularities. In the case of interior solution, the Horava-Lifshitz theory can be considered as a UV-completion of the timelike mimetic model S − . Inspired by this fact, for the spacelike mimetic model S + , we speculated that a UV-completion theory similar to the the Horava-Lifshitz but with different foliation can be constructed. However, we do not know such a scenario.
There are two different Killing horizons for this black hole solution in which non of them coincides with the event horizon. Therefore, there is no notion of Hawking radiation to be associated to the event horizon. One needs to look for Hawking radiation at Killing horizons which turned out to be singular hypersurfaces due to caustics formation. The formation of caustics usually signals for a new physics and one can not trust mimetic scenario near these singular hypersurfaces. The equation of motion for the mimetic scalar field from Eq. (4) then yields 
The solution to Eq. (73) is given in terms of the inverse function f −1 (T ) as follows
where C 2 is another integration constant. Identifying the point T = 2C 2 with t = 2m, from (68) we find that C 2 = mπ/4. Substituting Eq. (74) into Eqs. (71) and (72), we can solve for both X and λ − as a function of T . Having obtained these solutions, our dynamical system is completely solved. We have plotted the solutions for X 2 , Y 2 , and λ − as functions of T in Fig. 4 . From Fig 2 we see that at T = 0, X, Y → 0 and λ → ∞. These results can be directly confirmed from the equations (71)-(74). From (74), we see that Y (T = 0) = f −1 (T = 0) = 0. Substituting (71) and (74) in (15) and then solving for X(T ), it is straightforward to show that X ∝ T 2/3 in the limit T → 0 and therefore X(T = 0) = 0. This singularity is nothing but the formation of caustics. The metric components g rr , g θθ , and g ϕ,ϕ all vanish in metric (66) at T = 0 while all curvature invariants, which are proportional to the second derivative of metric, diverge since they are characterized by λ. Therefore caustics form at the finite time T = 0 everywhere in the background. Let us now compare the results of this appendix with those obtained for mimetic dark matter scenario in FLRW background [1] . First of all, the metric (66) becomes isotropic for X ∝ Y and then X (or Y ) plays the roles of the scale factor a(T ) in FLRW background. In this limit, from Eq. (71) we find λ − ∝ X −3 ∝ a −3 which shows that the energy density ρ = −2λ − ∝ a −3 . This is nothing but the dark matter energy density. This can also be seen if we look at the metric (66) in the limit of small T ds 2 ≈ −dT 2 + T 
The above metric shows that for small T , the spacetime in the vicinity of the singularity T = 0 (which corresponds to t = t i in Fig. 2 ) behaves like a matter dominated universe with the scale factor a(T ) ∼ T 2 3 , as expected. Moreover, we note that due to the presence of a dark matter-like fluid, the metric (75) is contracting in both r and (θ, ϕ) directions. This is in contrast to the Schwarzschild solution for the interior of the black hole which is expanding along the r direction but contracting in (θ, ϕ) directions. It also signals the formation of caustic singularities due to the attractive nature of dark matter-like fluid.
